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The concentrating mechanism

Exchanges of solutes between the tubes makes the solute concentration
variyng.
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Physiological attempts : At equilibrium, we expect a liquid with a high
concetration “down below”.
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> 3 tubes, with a specific architecture, are bathing in a common interstitium

> A fluid circulates in the tubes

» C is concentration of a solute dissolved in the fluid (it can be any

intensive quantity)
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Study of a simplified
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Assumptions:
> Tubes are water impermeable

> Solute movements across the wall tubes is driven by

1. solute diffusion
2. solute active transport in tube 3 : a pump extracts solute from tube 3 to the

intersitium
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The equations e eyl =
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QZ# = A(x), x € [0, L],
Ix
3 o
o dCd (x) ~ P, xe0,1], Study of 3 smpifid
Ix
clo)y=¢c, C0)=C,  C(L)=CL),

CO1 et Cg: Solute concetration at the inlet
Q': Water flow in tube i
J': Solute flux acroos wall tube i i.
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J (X) =P (X)(C (X) -C (X))7 directed by Benoit
Perthame, Aurelie
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P(x) = PA(x)(C™ (x) — C¥(x)), Eha

Px) = PPx)(C™(x) = C3(x)) = F(C(x), x),

P : Solute permeability of i Study of a simplified
Ci"t: |nterstitial concentration medel
F(C3,x) > 0: Active transport
with the condition

JH(x) + P(x)+ B(x) = 0.

» There is no solute accumlation in the interstitium

» This condition enables us to calculate C™.



Assumptions on the non-linearity

F(C3,x)>0,  F(0,x)=0,

Well-posedness and
qualitative properties
of a kidney model

Magali Tournus,
directed by Benoit
Perthame, Aurelie
Edwards, Nicolas

Seguin

0 < Fe(C?,x) < p(x). (1)

Study of a simplified
model



Assumptions on the non-linearity

F(C®,x)>0,  F(0,x)=0,  0<Fc(C?x)<p(x). (1)

Signification
> The pump can only transport the solute in one direction : from tube 3 to
the intersitium

Well-posedness and
qualitative properties
of a kidney model

Magali Tournus,
directed by Benoit
Perthame, Aurelie
Edwards, Nicolas

Seguin

Study of a simplified
model



Assumptions on the non-linearity

F(C®,x)>0,  F(0,x)=0,  0<Fc(C?x)<p(x). (1)

Signification
> The pump can only transport the solute in one direction : from tube 3 to
the intersitium
> No solute in tube 3 = No active transport

Well-posedness and
qualitative properties
of a kidney model

Magali Tournus,
directed by Benoit
Perthame, Aurelie
Edwards, Nicolas

Seguin

Study of a simplified
model



Assumptions on the non-linearity

F(C®,x)>0,  F(0,x)=0,  0<Fc(C?x)<p(x). (1)

Signification
> The pump can only transport the solute in one direction : from tube 3 to
the intersitium
> No solute in tube 3 = No active transport
> The pump can be saturated

Well-posedness and
qualitative properties
of a kidney model

Magali Tournus,
directed by Benoit
Perthame, Aurelie
Edwards, Nicolas

Seguin

Study of a simplified
model



Assumptions on the non-linearity

F(C®,x)>0,  F(0,x)=0,  0<Fc(C?x)<p(x). (1)

Signification
> The pump can only transport the solute in one direction : from tube 3 to
the intersitium
> No solute in tube 3 = No active transport
> The pump can be saturated

Well-posedness and
qualitative properties
of a kidney model

Magali Tournus,
directed by Benoit
Perthame, Aurelie
Edwards, Nicolas

Seguin

Study of a simplified
model



Assumptions on the non-linearity et

qualitative properties
of a kidney model

3 3 Magali Tournus,A
F(Cx) >0,  F(0,x) =0,  0<Fc(C%x) < p(x). 1) sl
Edwards, Nicolas

Signification ST
> The pump can only transport the solute in one direction : from tube 3 to
the interSitium Study of a simplified
> No solute in tube 3 = No active transport model
> The pump can be saturated
Example: A Michaelis-Menten type non-linearity



Assumptions on the non-linearity et

qualitative properties
of a kidney model

3 3 Magali Tournus,A
F(Cx) >0,  F(0,x) =0,  0<Fc(C%x) < p(x). 1) sl
Edwards, Nicolas

Signification ST
> The pump can only transport the solute in one direction : from tube 3 to
the interSitium Study of a simplified
> No solute in tube 3 = No active transport model
> The pump can be saturated
Example: A Michaelis-Menten type non-linearity

C3
14 C3

F(C3,x) = V(x)



Assumptions on the non-linearity

F(C®,x)>0,  F(0,x)=0,  0<Fc(C?x)<p(x). (1)
Signification
> The pump can only transport the solute in one direction : from tube 3 to
the intersitium
> No solute in tube 3 = No active transport
> The pump can be saturated

Example: A Michaelis-Menten type non-linearity
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F(C3,x) = V(x)m.

=)
—— Vns

Well-posedness and
qualitative properties
of a kidney model

Magali Tournus,
directed by Benoit
Perthame, Aurelie
Edwards, Nicolas

Seguin

Study of a simplified
model



Well-posedness and

The stationary and dynamic systems el g
of a kidney model
The stationary system Magali Tournus,

directed by Benoit

9 _ 1 Faame, e
dx 3 [CI(X) + CZ(X) + C3(X) + F(C3(x),X)] - Cl(X)7 Seguin
dc?(x) 1
dx 3 [CI(X) + CZ(X) + C3(X) + F(C3(X), X)] - CZ(X)v Study/ofla simplified
——dcjx(x) = %[Cl(x) + C(x) + C(x) + F(C(x), )] = €(x) ~ F(C3(x),x)s.
clo)y=¢, CX0)=¢, C¥L)=CL).
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Well-posedness and

The stationary and dynamic systems el g
of a kidney model
The stationary system Magali Tournus,
directed by Benoit
dC1 1 Perthame, A_urelie
(x) _ 1 [CI(X) + CQ(X) + C3(X) + F(C3(X),X)] _ CI(X), Edwards, Nicolas
dx 3 Seguin
dc? 1
) _ L1 4 €20 + ) + F(C (. )] = €2,
dx 3 Study of a simplified
C3 1 model
SIE) 200+ €00 + 00 + FER, ] - € — F(E ), 0),
ci(0) = G, c*(0) = G, C3(L) = C*(L).
(2)
The dynamic system t > 0 et x € [0, L],
act act 1
o+ = |CP P+ G+ F(C3Lx)| - CL
ot = 3[++3+(x)]
ac?  9c? 1
A —[c1+c2+c3+F(c )]—cz,
ot Ox 3 3)
acd  acd 1
— =-|ct+C?+C¥+F(C —C3— F(C3,x),
ot ox 3[+++()] (€%
cto,t) = ¢4, c%(0,t) = 3, C3(L, t) = C?(L, t),

with initial conditions : C!(x,0), C?(x,0), C3(x,0).



Main results WYl e el

qualitative properties
of a kidney model

Theorem (Existence of a stationary solution) Magali Tournus,
directed by Benoit
Under assumptions (1), there is a weak soolution to (5), and it is positive. Perthame, Aurelie
Edwards, Nicolas

Theorem (Existence and uniqueness of the dynamic problem e

solution)

There is a unique weak solution to the initial value problem (3), which lies in
BV([0, L] x [0, T]).

Well posedness and
basic properties

Tube1 Tube2 Tube3

intersitium intersitium

———— Waterflows.

> Transmural solute fluxes



Existence of a stationary solution

Sketch of the proof:
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Existence of a stationary solution
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> For all & > 0, there exists a solution in (C[O L]) to the system Magali Tournus,

Tool :

dCl(x)
o 3 CHx) + aCl(x) =
dCZ(X)
™ — - C2( )+ aC?(x) =
3(x
Cdx( )+3[c3( )+ F(C3(x), x

directed by Benoit
Perthame, Aurelie
Edwards, Nicolas

C2(x) + C¥(x) + F(C3(x), %)), Seguin

w\n—t wlb—l

[
[cl x) + C3(x) + F(C3(x), x)]
)| =

1 2 Well posedness and
3 [C (x)+C (X)] basici}roperties

cl(0)= ¢ >0, C%(0) = C2 >0, c3(L)y=ct>o.

Banach Picard theorem



Existence of a stationary solution

Sketch of the proof:
3
> For all & > 0, there exists a solution in (C[O7 L]) to the system

4 2[00+ F(E(0, )

Tool : Banach Picard theorem

%%cl(x) +aCl0) = 5[0 + 00 + F(C ), )],
2

dCdX(X)+ C2(x) + aC?(x) = %[CI(XHC3(X)+F(C3(X)’X)]’

dC3(x) ]

cl(0)= ¢ >0, C%(0) = C2 >0, c}(L)y=ct>o.
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dCl(x) 2 !

T T30 +aclt) = 3|00 + C + FC(. ).
2

dCdX(X)+ C2(x) +aC?(x) = %[CI(X) +C() + F(C(x), )]

dC3(x) ]

cl(0)= ¢ >0, C%(0) = C2 >0, c}(L)y=ct>o.

» Compacity of the family (CL, C2, C3) = After extraction, the sequence

converges toward a solution to

1 X
I 20100 = 2[00 + 0o + A0, ],
dC?(x) 2 1
B T3C00 =3[0+ )+ F(C(), ),
3 X
S 20 + R 00,0] = 2[00+ ],
cto)y=¢} >o, C%(0) = 2 >0, c3(L) =
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Magali Tournus,
directed by Benoit

dCli(x) 2 4 i1, 3 3 Perthame, Aurelie
S T3C 0= g[c () + C3(x) + F(C3(x), %)) S
dC?(x)

020 = 1[0 + €00+ RS0 ),

%4—% [c3(x) + F(C3(x),x)] - %[Cl(x) " CQ(X)]

Well posedness and
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cto)y=¢ct >o, C%(0) = C2 >0, cy=ct>o.
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01 22 = 2[00 + €3 + F(CY(0. )]
dx 3 3
dc3(x) 2 1
- 2+ + R0 = [0 + ), -
basic properties
cto)y=¢ct >o, C%(0) = C2 >0, cy=ct>o.

We define
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Existence of a stationary solution e

of a kidney model

> Magali Tournus,
1( ) 2 1 (:)in:tc:ed byfem;?t
dC X 1 = 2 3 3 Eed aa(Tse'N'ch(:Iealse
S H5C100 = 5[0+ ) + A, 0]
dc? 2 1
01 22 = 2[00 + €3 + F(CY(0. )]
dx 3 3
dc3(x) 2 1
=T P [C00 A .] = 5[0 + ), R
basic properties
cto)y=¢ct >o, C%(0) = C2 >0, cy=ct>o.
We define

g: C— C3(L) - C3(L)

We have {g(O) >0, and G} >>1=g(C}) < 0}



Existence of a stationary solution

dCi(x) 2 1
T30 =3[+ o+ R0,

dC?(x) 2 1
0912200 = £[100 + € + F(C 0,0
3 X

~IE 2[00 4 R 00,0)] = S [0 + ),
cl=c>0 cO=c>0 C=cz=o.
We define

g: C— C3(L) - C3(L)

We have {g(O) >0,and C? >> 1= g(C3) < O} = g cancels on RT.
O
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Existence of the dynamic problem solution

Sketch of the proof
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Existence of the dynamic problem solution

Sketch of the proof

> We define a semi discrete scheme in space with step size Ay. Existence
of a solution to this ODE using Cauchy-Lipschitz.
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Existence of the dynamic problem solution
Sketch of the proof

> We define a semi discrete scheme in space with step size Ay. Existence
of a solution to this ODE using Cauchy-Lipschitz.

> A priori bounds uniform in A in BV

» Compact embedding BV/([0, T] x [0, L]) C L1((0, T) x (0, L)) =
Extraction of a subsequence which converges to C.

Well-posedness and
qualitative properties
of a kidney model

Magali Tournus,
directed by Benoit
Perthame, Aurelie
Edwards, Nicolas

Seguin

Well posedness and
basic properties



Existence of the dynamic problem solution
Sketch of the proof

> We define a semi discrete scheme in space with step size Ay. Existence
of a solution to this ODE using Cauchy-Lipschitz.

> A priori bounds uniform in A in BV

» Compact embedding BV/([0, T] x [0, L]) C L1((0, T) x (0, L)) =
Extraction of a subsequence which converges to C.

» The limit function C is a weak solution (3).
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Seguin

Theorem (Contraction principle)

IfC(x,0) et C(x,0) are two initial conditions, then the weak solutions satisfy
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Uniqueness of the dynamic problem solution

Sketch of the proof:
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Uniqueness of the dynamic problem solution Wel-posedness and

qualitative properties
of a kidney model

Sketch of the proof: Magali Tournus,

~ . . directed by Benoit
» If C et C are two solutions to (3), we define ey ot

Edwards, Nicolas

d'(x,t) :=|Ci(x,t) — C'(x, )], i=1,2 3. e

G(x, t) == |F(C3(x, ), x) — F(C3(x, t),x)| < p(x) d3(x, t).
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Uniqueness of the dynamic problem solution Well-posedness and

qualitative properties
of a kidney model

Sketch of the proof: Magali Tournus,

~ . . directed by Benoit
» If C et C are two solutions to (3), we define ey ot
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Uniqueness of the dynamic problem solution Well-posedness and

qualitative properties
of a kidney model

Sketch of the proof: Magali Tournus,

~ . . directed by Benof
» If C et C are two solutions to (3), we define o ot

Edwards, Nicolas

d'(x,t) :=|Ci(x,t) — C'(x, )], i=1,2 3. e

G(x, t) == |F(C3(x, ), x) — F(C3(x, t),x)| < p(x) d3(x, t).

> We substract the equations on C and C. Well posedness and

basic properties

We multiply each line by sign (Ci(x, t) — Ci(x, t))
> We obtain

odt  od! 2 1
< _gdl + 5(d2 +d®+G),

ot ox —

od?  9d? 2 1

4 <SP+ I(d+dP+G
ot + Ox — 3 +3( +d'+6),
od®  od? 2 1

— — < —Z(PH+G)+ Z(d?+ dh).
ot x ~ 3( + )+3( +d)

> Summing the line and integrating over [0, L],

d L
" / [dt + d% + d3]dx < —d*(L, t) — d3(0,t) <0,
0
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Convergence of the dynamical solution toward stationary state

Theorem (Long time behavior and uniqueness of the stationary
problem solution)

The solution C to the dynamic system converges to the unique solution C to

the stationary system in L1,

1C0x, ) = Ol 0

Sketch of the proof :

>

>

We construct super solution to (5) as large as wanted

We prove that when the initial condition is a super/sub solution to the
stationary state, the dynamic profile is monotonic in time forall x and
converge to the seady state

0 is a subsolution

We stuck evey initial condition betwen 0 and a super solution.
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Numerical method

These results give us that
» There is a unique solution to the stationary system

» We can efficietly approach this solution by solving the dynamic problem
and let the time evolve

We use a finite-volume type scheme.

The CFL condition :
3Ax

At ——— —————
3+2Ax 4+ 2AxV
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The role of the pump

> The concentration increases in all tubes along the axis of x

> In kidney, the concentration at point x = L is important : it is the point
at which urine concentration is determined
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The role of the pump

» The concentration increases in all tubes along the axis of x

> In kidney, the concentration at point x = L is important : it is the point
at which urine concentration is determined

We want to identify the profile of C when V — oco.

dC;EX) _ %[Cl(x )+ C3(x) + C3(x) + 1 —f?’é;’(()x)] - CY(x),
dC;)EX) _ %[ )+ C2(x) + CP) + V1 —f?’é;’(()x)] ~ (),
dC3 X 1 C3 x
B e+ i+ o+ v 8L - - v
cl(0) = ¢, C%(0) = 2, C3(L) = (L)

()

Cx)
1+ C3(x)’
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Purpose: Explain the behavior of C, when V — oo

Theorem (Asymptotics)
Solutions to (5) satisfy

(Cy, CP, CY) v oo (Ch,C* ) LP(1<p< ), ae,
dC}, dC} dC}

% 1,2 3 1
— — M L].
(dx7 dx  dx )V—H—oo(u"u’u) (0, 4]
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Well-posedness and

Purpose: Explain the behavior of C, when V — oo qualitative properties

of a kidney model

Magali Tournus,

Theorem (Asymptotics) iy B

. . Perthame, Aurelie

Solutions to (5) satisfy Edwards, Nicolas
Seguin

cL,c2. c3 ct,c? c? LP(1< p < o0), a.e.,
(Cv, Gy, V)V:oo( ) (1<p<o0), ae

dCl, dC dC}

(W’T’W) v e (ut, 12, 1) Mo, L].
with The role of the pump
Ciy = BB 4 =GB (1= 2[(GG - e+ 864],
Clx) = C&ercg N C«?;Coleﬂ7 u2 = %[(cg —Cg)e—X+BaL],
C3(x) = 0. W= BoL.
where

B = lim C3(L).
V—oo
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A priori bounds and compact embeddings

> The edges of the domain Cl(L) and C3(0) are bounded in L>®
» (Cl)) is bounded in BV[0, L] N L*°[0, L] and

V||C\3/||L1[0,L] <K

» BV CC LP[0, L] = existence of C (after extraction)
» L1[0,L] cC M0, L] = existence of u
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Computation of the limit

From the estimation
3
VIGIap,y < K

we have

cd=o.
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Computation of the limit

From the estimation
3
VIGIap,y < K
we have

cd=o.

> We choose test functions ¢ € C[0, L] such that ¢(0) = ¢(L) =0
=u>=00n]0,L[.
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From the estimation

3 Magali Tournus,
V” CV II L1o,L] <K directed by Benoit

Perthame, Aurelie
Edwards, Nicolas
Seguin

we have

cd=o.

> We choose test functions ¢ € C[0, L] such that ¢(0) = ¢(L) =0
=u>=00n]0,L[.
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Computation of the limit et

qualitative properties
of a kidney model
From the estimation

3 Magali Tournus,
VICU o,y < K directed by Benoft

Perthame, Aurelie
Edwards, Nicolas
we have Sty
c=o.
> We choose test functions ¢ € C[0, L] such that ¢(0) = ¢(L) =0
= p®=0on 10,L[. The role of the pump
» We choose test functions ¢ € C[0, L] = pu? = B — Adx=0.

with
lim C3(L)=B>0, lim C3(0)=A>0. (6)

V—oo V—oo

Then, we prove A = 0, report in the system and do “analytical computations”
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Well-posedness and
The bOU ndary Iayer qualitative properties
of a kidney model
To perform numerical simulations, we have to precise the shape of the Magali Tournus,
boundary Iayer. directed by Benoit
Perthame, Aurelie

Edwards, Nicol
Theorem (The boundary layer) B
The limits of the boundary values are

aw,— G+a
G =c) , — G+G+(G—Ge

The role of the pump
The behavior of Ca for x ~ L is given by the inequalities

() < L) exp (- SVML =) +

<Ix

[1 — exp ( - gVM(L - x))]

) > CLyexp (~ 3V(L—x)) +

<| X

[1 — exp ( - §V(L—x))]
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Numerical illustrations

The difficulties are : When V' grows,
» The CFL becomes tougher

» The number of mesh necessary to see the phenomenon becomes high
next to L
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of a kidney model

Magali Tournus,
directed by Benoit

Vm=1 Vm=10 Perthame, Aurelie

4 4 Edwards, Nicolas
s 25 Seguin
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